In this paper, new binary extremal self-dual codes are presented. A number of new extremal singly-even self-dual codes of lengths 48; 64 and 78, and extremal doubly-even self-dual codes of lengths 80 and 88, are constructed. We also relate an extremal doubly-even self-dual code of length divisible by 24 to an extremal singly-even self-dual code of that length. New singly-even self-dual codes of lengths 102 to 110 are also given.
Introduction
This paper contains several new results about binary extremal self-dual codes. We refer to [17] for basic deÿnitions. Note that all codes in this paper are binary. A self-dual code is called doubly-even if all codewords have weight ≡ 0 (mod 4) and singly-even if some codeword has weight ≡ 2 (mod 4).
In general, the minimum weight d of a self-dual code of length n is bounded as follows (cf. [21] ): d64 n 24 + 6 if n ≡ 22 (mod 24); d64 n 24 + 4 otherwise:
A doubly-even self-dual code with d = 4 n=24 + 4 is called extremal. A singly-even self-dual code is extremal if it has the highest minimum weight of any singly-even self-dual code of that length. (see [6, 9] for a better bound up to length 100). We remark that any self-dual [24k; 12k; 4k + 4] code is doubly-even [21] . The purpose of this paper is to construct new extremal self-dual codes of several lengths using construction methods from [11, 12, 16] . A number of new extremal doublyeven self-dual codes of lengths 80 and 88 and extremal singly-even self-dual codes of lengths 48; 64 and 78 are constructed. In particular, we ÿnd new extremal singly-even self-dual codes with parameters [64; 32; 12] and [78; 39; 14] whose weight enumerators were not known to exist. We also relate an extremal doubly-even self-dual code of length divisible by 24 to an extremal singly-even self-dual code of that length. Finally, new singly-even self-dual codes of lengths 102 to 110 and minimum weight 16 are presented.
Construction methods
In this section, we present the construction methods used in this paper. A pure double circulant code has a generator matrix of the following form:
where R is an n × n circulant matrix and I n is the identity matrix of order n. A bordered double circulant code has a generator matrix of the following form:
where R is an (n − 1) × (n − 1) circulant matrix. Let C be a self-dual code of length n and let i; j (i¡j) be some coordinates of C. It is well known that C = {(x 1 ; : : : ; x i−1 ; x i+1 ; : : : ; x j−1 ; x j+1 ; : : : ; x n ) | (x 1 ; : : : ; x n ) ∈C; x i = x j } is a self-dual code of length n−2 and we say that C is obtained from C by subtracting.
Lemma 2.1 (Harada [12] ). Let ( I n ; A ) be a generator matrix in standard form of a self-dual code C 2n of length 2n. If the weight of x = (x 1 ; : : : ; x n ) is congruent to n + 1 (mod 2), then the following matrix:
generates a self-dual code C * 2n+2 of length 2n + 2 where y i = x i + 1.
Recently, the third author has presented the following construction method of selfdual codes [16, Theorem 1] . Let C be a self-dual code of length 2n and let G = (L n ; R n ) be a generator matrix of C. If the weight of z = (z 1 ; : : : ; z 2n ) is odd then the following matrix:
generates a self-dual code of length 2n + 2 where y i = z · r i and r i is the ith row of G. It can be shown that the codes obtained by Lemma 2.1 and by the above method from a given code C are the same up to equivalence when we consider all possible vectors x and z.
We now present one more method of constructing self-dual codes.
Lemma 2.2 (Harada [11] ). Let G = ( I 4n ; A ) be a generator matrix of a doubly-even self-dual code of length 8n where a i is the ith row of A. Let be a set consisting of 2 columns of A where 0¡ ¡2n and t be the characteristic vector of . Deÿne
where wt(a i + t) denotes the number of 1's in a i + t and j is the all-one vector. Further, let B be the matrix with ith rows b i . Then the matrix ( I 4n ; B ) generates a singly-even self-dual code.
In this paper, we use the following method given in [13] to check the inequivalence of our codes and previously known codes. Let C be a self-dual code of length 2n. Let M t = (m ij ) be the A t × 2n matrix with rows composed of the codewords of Hamming weight t in C, where A i denotes the number of codewords of Hamming weight i in C. For an integer k (16k62n), let n t (j 1 ; : : : ; j k ) be the number of r (16r6A t ) such that m rj1 · · · m rj k =0 over Z for 16j 1 ¡ · · · ¡j k 62n. We consider the set S t (k) = {n t (j 1 ; : : : ; j k ) | for any k distinct columns j 1 ; : : : ; j k }:
Let M t (k) and m t (k) be the maximum and minimum numbers in S t (k), respectively.
Extremal doubly-even codes of length 80
The extended quadratic residue code of length 80 is the ÿrst known extremal doublyeven self-dual code of this length [17] . Recently, it has been shown in [8] 
Extremal doubly-even codes of length 88
Examples of extremal doubly-even self-dual double circulant codes of length 88 are listed in Table 1 . The extremal singly-even self-dual [86; 43; 16] code C86 in [9] has shadow of minimum weight 15. By Theorem 1 in [5] , an extremal doubly-even selfdual code of length 88 can be constructed from C86. It follows from [10] that the code is equivalent to B 88; 1 in Table 1 .
Only two inequivalent extremal doubly-even codes of length 88 were previously known (cf. [14] ). The values M 16 (2) and m 16 (2) of the two known codes and our codes were determined, along with those for two very recent new codes presented in [18, 22] . Since these values di er, it follows that our 30 double circulant codes are new. Therefore we have the following: Proposition 4.1. There are at least 34 inequivalent extremal doubly-even self-dual codes of length 88.
We now consider self-dual codes of length 86 obtained from the known extremal doubly-even self-dual [88; 44; 16] codes by subtracting. As described above, the extremal singly-even self-dual [86; 43; 16] code C86 implies an extremal doubly-even self-dual [88; 44; 16] code B 88; 1 . Hence, the converse assertion shows that B 88; 1 has a set of two coordinates such that the corresponding entries in the codewords of weight 16 are 0's. We have veriÿed that this is the only set having two coordinates such that the above property is satisÿed. Since the values of m 16 (2) for the other codes are not where and ÿ are undetermined parameters. Note that the coe cient of y 14 in the second weight enumerator W 78; 2 was incorrectly reported in [9] .
An extremal singly-even self-dual code which has weight enumerator W 78; 1 with = 0 and ÿ = 0 can be constructed from an extremal doubly-even self-dual code of length 80 by subtracting. Recently, the existence of an extremal singly-even self-dual code with weight enumerator W 78; 1 where = 0 and ÿ = −19 was announced in [2] . In this section, new extremal singly-even self-dual [78; 39; 14] codes are constructed.
By considering 39 × 39 circulant matrices R satisfying the condition R·R T = I 39 where R T denotes the transpose of R, many pure double circulant singly-even self-dual codes of length 78 can be constructed. We have veriÿed that one of them is the extremal singly-even self-dual [78; 39; 14] code C 78; 1 . For this code, the ÿrst row of R in the generator matrix is (111111110010111000010010000100001100000):
The code C 78; 1 has weight enumerator W 78; 1 with = 0 and ÿ = −78, and such a code was not previously known to exist. This was veriÿed by obtaining the number of codewords of weights 14 and 16. Magma was used to calculate the automorphism group of C 78 . The group is of order 78.
Recently, Baartmans and Yorgov [2] have found an extremal self-dual [76; 38; 14] code under the assumption that it has an automorphism of order 19. However, the generator matrix given in [2] was incorrect and the correct matrix was communicated to us by Bouyuklieva [4] . More precisely, the correct ÿrst rows of the circulant matrices V 2 and V 5 in [2, Theorem 1] are (1011101110110110010) and (1011001001001111100), respectively. By Lemma 2.1, we have found an extremal self-dual [78; 39; 14] code C 78; 2 from a generator matrix in standard form of the above code. It was veriÿed by counting the codewords of weights 14 and 16 that C 78; 2 has weight enumerator W 78; 2 with = −135. The weight distribution of C 78; 2 is listed in Table 2 . Moreover, the automorphism group of C 78; 2 is trivial by Magma. In order to save space, we list a generator matrix in standard form, that is, it is of the form ( I 39 ; G 78 ) and the matrix G 78 is written in octal using 0 = (000); 1 = (001); : : : ; 6 = (110) and 7 = (111) are equivalent. However, the automorphism group of B 80; 1 is not large, thus one can easily ÿnd a number of inequivalent extremal singly-even self-dual codes of length 78. The following 50 values of {i 1 ; i 2 } give inequivalent codes: (1; 2), (2; 3), (2; 4), (2; 5), (2; 6), (2; 7), (2; 8), (2; 9), (2; 10), (2; 11), (2; 12), (2; 13), (2; 14), (2; 15), (2; 16), (2; 17), (2; 18), (2; 19) , (2; 20) , (2; 21), (2; 43), (2; 44), (2; 45), (2; 46), (2; 48), (2; 49), (2; 50), (2; 51), (2; 52), (2; 53), (2; 54), (2; 55), (2; 57), (2; 58), (2; 59), (2; 60), (2; 61), (2; 62), (2; 63), (2; 64), (2; 65), (2; 66), (2; 67), (2; 68), (2; 69), (2; 70), (2; 71), (2; 72), (2; 73) and (2; 74). The inequivalence follows from the values of M 14 (k) and m 14 (k) (k = 2; 3). We stopped our search after ÿnding 50 inequivalent codes. Our feeling is that the number of inequivalent codes of this length is much larger.
6. An extremal singly-even code of length 64 For W 64; 1 codes exist with ÿ = 18 and 44, and for W 64; 2 codes exist with ÿ = 32, 40 and 64 (cf. [9] and the references therein). Recently, a code with ÿ = 14 in W 64; 1 has been given in [3] and codes with W 64; 2 where ÿ = 2; 9; 16; 23; 30; 37 and 44 have been constructed in [7] . By Lemma 2.2, we have found a new extremal singly-even [64; 32; 12] code C 64 from an extremal doubly-even self-dual code given in [15] which is constructed from a symmetric 2-(31; 10; 3) design with no oval. C 64 has generator matrix ( I 32 ; G 64 ) and has weight enumerator W 64; 2 with ÿ = 10 which was not known to exist. In order to save space, the matrix G 64 is written in octal using 0 = (000); 1 = (001); : : : ; 6 = (110) and 7 = (111) along with b = (1) 416311474744367302267047773370360555634153407116234773757656 314176757515443004353242330453107666063056064230474777364700 643421310653244735404172522132244743553214311334753167512415 271365511305301455676124527036535336407760053330374064731343 625416425342007425073452570507462500152313165534131321130317 40776514777160026317763417231777470365140b:
Extremal singly-even codes of lengths divisible by 24
Rains [21] shows that the existence of an extremal singly-even self-dual [24k − 2; 12k − 1; 4k + 2] code and of an extremal doubly-even self-dual [24k; 12k; 4k + 4] code are equivalent. As an extension, we have the following result: Proof. Suppose that there is an extremal doubly-even self-dual [24k; 12k; 4k + 4] code C 24k . By subtracting, an extremal singly-even self-dual [24k − 2; 12k − 1; 4k + 2] code C 24k−2 can be constructed from C 24k . Since C 24k−2 is a child of C 24k , the covering radius of C 24k−2 is greater than or equal to 4k + 3 (see [1, Theorem 2] ). So, by Fact 5 in [1] , there is a coset of weight 4k + 1. Let x be an element in this coset. Without loss of generality, we may assume that x has the form (x 1 ; x 2 ; : : : ; x 12k−1 ; 1; 1; : : : ; 1). Then by Lemma 2.1 with x the minimum weight of the extended code C * 24k is min{4k + 2; d}, where d is the minimum weight of C 24k−2 . Since C 24k−2 has minimum weight 4k + 2, it follows that C however, it is not known in general if the resulting singly-even self-dual code with parameters [24k +8; 12k +4; 4k +2] (resp. [24k +16; 12k +8; 4k +2]) is extremal or not (e.g., a singly-even self-dual [56; 28; 10] code can be constructed, but it is not known if there is a singly-even self-dual [56; 28; 12] code). However, the argument provides a way to construct singly-even self-dual codes of length 8n from doubly-even self-dual codes of that length.
We give some examples to illustrate the above proposition. For length n = 24, the extended Golay [24; 12; 8] code C is the unique extremal doubly-even self-dual code. By subtracting any two coordinates of C, we obtain the unique extremal singly-even self-dual [22; 11; 6] code G 22 in [20] . As in the proof of Proposition 7.1, we extend G 22 to get the unique extremal singly-even self-dual code Z 24 in [20] .
For length n = 48, the extended quadratic residue code q 48 is the only known extremal doubly-even self-dual code. By subtracting any two coordinates of q 48 , we obtain an extremal singly-even self-dual code q 48 of length 46. Note that all such codes obtained from q 48 are equivalent since the automorphism group of q 48 is PSL(2; 47) which acts on the coordinates doubly-transitively. The covering radius of q 48 is exactly 11. Only one code with W 48 was given in [5] . The vectors x used for the 10 codes constructed by Lemma 2.1 and their automorphism group orders are listed in Table 3 . The inequivalences have been veriÿed by Magma. We remark that recently Ozeki [19] independently constructed 8 inequivalent extremal singly-even self-dual [48; 24; 10] codes with weight enumerator W 48 by a somewhat di erent method. The equivalence with the codes obtained here is given in the fourth column of Table 3 .
Singly-even codes of larger lengths
We give some pure double circulant singly-even self-dual codes with large minimum weights. Let C 102 , C 104 , C 106 , C 108 , and C 110 be the pure double circulant codes of respectively. These codes are singly-even self-dual codes with minimum weight d=16. Note that the minimum weights of these double circulant self-dual codes may not be the largest possible.
